Abstract. Gromoll and Meyer have represented a certain exotic 7-sphere Σ 7 as a biquotient of the Lie group G = Sp(2). We show for a 2-parameter family of left invariant metrics on G that the induced metric on Σ 7 has strictly positive sectional curvature at all points outside four subvarieties of codimension ≥ 1 which we describe explicitly.
Introduction
Let G = Sp(2) be the Lie group of unitary quaternionic 2 × 2-matrices. Consider the subgroup U ⊂ G × G, U = {(( which acts on G by left and right translations. D. Gromoll and W. Meyer [5] have shown that this action is free and that the orbit space M = G/U is a smooth manifold which is an exotic 7-sphere (homeomorphic but not diffeomorphic to the standard 7-sphere). If G is equipped with a Riemannian metric of nonnegative sectional curvature whose isometry group contains U , then by O'Neill's formula [1] the orbit space M = G/U inherits a Riemannian metric of nonnegative sectional curvature. Thus starting with the bi-invariant metric on G, Gromoll and Meyer constructed a metric of nonnegative sectional curvature on the exotic sphere M . In fact the curvature is strictly positive on some nonempty open subset of M . However, as was observed by F. Wilhelm [7] , there is also an open subset with zero curvature planes in the tangent space of each of its points. But Wilhelm constructed another U -invariant metric on Sp(2) (neither left nor right invariant) for which the curvature of M is strictly positive outside a subset of measure zero in M ("almost positive curvature"). In [4] the same fact was claimed for a much simpler and left invariant metric on Sp(2); however, as was pointed out by the second author, the proof contains a serious mistake (see Remark 3 at the end of the present paper). The purpose of our paper is to correct this error. In fact we prove the following result, some ideas of which go back to [3] (see Theorem 4.6 for details):
There is a left invariant and U -invariant metric on G = Sp (2) such that the induced metric on M = G/U has strictly positive curvature outside a finite union of subvarieties of codimension ≥ 1. The zero curvature set Z ⊂ M can be explicitly determined.
Cheeger metrics on Lie groups
On each Riemannian manifold, let us denote
for any two tangent vectors X, Y ; the second expression is the sectional curvature of the plane σ spanned by X, Y .
Let G be a Lie group with a left invariant metric , of nonnegative sectional curvature. Suppose that the metric is also right invariant with respect to a compact subgroup K ⊂ G, hence the induced metric on K is bi-invariant. The Lie algebras of G and K will be denoted g and k. We may contract the metric on G in the direction of the K-cosets by viewing G as the homogeneous space (G × K)/∆K (where ∆K = {(k, k); k ∈ K}) and choosing the metric induced from the Riemannian product metric on G × sK (Cheeger contraction, cf. [2] , [1] ) where sK is K with metric scaled by s > 0. A vector (X, X ′ ) ∈ g × k is perpendicular to the ∆K-orbit
Thus the new (left invariant) metric is
For the curvature terms we have Suppose that the initial metric , on G is bi-invariant. Let g = k+ p be the orthogonal decomposition. Consider the above metric
1 The "if" statement is not obvious because of the nonnegative O'Neill term. However, in all our examples starting with a bi-invariant metric on some Lie group, the vanishing of the curvature implies that the O'Neill term also vanishes, see [3] , p. 29f, Equations (1) - (4) or [8] , [6] If (G, K) is a symmetric pair, i.e. the orthogonal complement p ⊂ g satisfies
Example 2. Let G ⊃ K ⊃ H a chain of subgroups and suppose that both (G, K) and (K, H) are symmetric pairs. Let g = k + p and k = h + q be the corresponding decompositions. Start with the metric , 1 defined by Example 1, depending on a parameter s > 0, and define the metric , 2 by Cheeger contraction along H (depending on a new parameter t > 0) as in (2.3) where K is replaced by H and , 1 takes the role of , :
3. Zero curvature planes on Sp (2) Let us consider the chain
The pairs (G, K) and (K, H) are symmetric, corresponding to the rank-one symmetric spaces S 4 and S 3 . We start with the bi-invariant trace metric X, Y = Re trace X * Y = Re x ij y ij on g = sp(2), apply Cheeger contraction in the K-direction and Cheeger-contract again in the H-direction, defining metrics , 1 and , 2 as in Example 2.
Since G/K = S 4 as well as K/H = S 3 and H = S 3 have positive curvature, the vanishing of the last three brackets in (2.8) means the linear dependence of the factors. In particular we may assume
From [X k ,Ỹ k ] = 0 we obtain that the imaginary quaternions x 1 , y 1 as well as
we see that also x 1 ± x 2 and y 1 ± y 2 are linearly dependent. Putting y = y 1 , we may assumẽ
Case 2. X p = 0, i.e. X = x 1 −x x x 2 with x = 0:
where x, y ∈ H, y imaginary and α ∈ R; we have β = −α since we require X ,Ỹ = 0.
Case 2a. α = 0, hencẽ
Case 2b. α = 0, hence (without loss of generality) α = 1.
Then [X h , Y h ] = 0 iff y + xyx −1 and y − xyx −1 are proportional which means xyx −1 = βy. Comparing the norms on both sides we get
Lemma 3.1. The zero curvature planes in g = T e G for G = Sp(2) and the metric , 2 are spanned by X, Y ∈ g withX,Ỹ given by either (3.1) or (3.3) or (3.5).
The Gromoll-Meyer sphere
The metric , 2 on G = Sp (2) is invariant under the action of U (cf. (1.1)) and hence it induces a metric on the orbit space M = G/U . Consider any
Since g is unitary, the rows and columns are unit vectors, in particular
The vertical space at g of the submersion π : G → G/U is T g (U.g) = gV g with V g = {v g ; v ∈ Im H} where
Thus according to (2.3), a vector gX ∈ T g G is horizontal for π iff 0 = X, v g 2 = X , v g 1 (4.4) for all v ∈ Im H. Note that X , v g 1 is just a multiple of X , v g if one of the components ofX =X p +X k are zero. Now we discuss which of the zero curvature planes in G = Sp(2) (see Lemma 3.1) can be horizontal at any g ∈ G. By a slight abuse of language, a planeσ spanned byX,Ỹ ∈ g will be called horizontal at for all v ∈ Im H. This is equivalent to bxā ∈ R. Hence, either a = 0 or b = 0 or bx = ra for some non-zero r ∈ R. In the latter case we have, in particular Ad(bx) = Ad(a), (4.8) Proof.
Thus Ỹ , V g = 0 iff one of the following equations holds:
The first of these equations is impossible by the triangle inequality together with (4.2):
Thus we are left with the second equation,
which implies |a| = |b|. Note that we have also shown that Y + cannot be horizontal. Thus we need only considerX = X − andỸ = Y − in (3.5), and
which means that x is imaginary and nonzero with x ⊥ y. Now letX,Ỹ be as above spanningσ. By the preceding remark we havẽ
with y ⊥ x ∈ Im H. Thus according to (2.5) we get for all v ∈ Im H 0 = X , v g 1 = 2 x,bva +s y,āva +bvb − 2v = 2 bxā, v +s ayā + byb − 2y,
where we have used 2ā = a −1 and ayā = byb = Since w = Imsp ∈ C y is a multiple of y, we may replace y by w in Equation (4.24) and obtain (4.15). , where all matrices a b c d are supposed to belong to Sp(2). Remark 3. The mistake in [4] is in the third line of the proof of the Theorem, page 1166. The computation of v g , X holds only for X ∈ k, but X may have a nonzero p-component as well. Thus the matrix X in (4), p. 1166, is too special and must be replaced with the more general X = ry −x x −rxyx −1 for arbitrary r ∈ R, and instead of (5) Im (bxā) = 0 we obtain (5 ′ ) Im (bxā) = r(y − ayā), while Equation (6) (ayā − y + bxyx −1b − xyx −1 = 0) remains unchanged. We have 15 variables, (a, b) ∈ S 7 , x ∈ H, y ∈ Im (H), r ∈ R, with two arbitrary real constants (the lengths of x and y), and 6 constraint equations (5 ′ ) and (6) which reduce the number of free variables to 7. Thus the solution set is likely to project onto a subset with positive measure in the (a, b)-space S 7 ; this would imply that the metric considered in [4] fails to have almost positive curvature.
